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Rapid calculations for boundary-layer transfer using
wedge solutions and asymptotic expansions

By H. J. MERK
Koninklijke/Shell- Laboratorium, Amsterdam, Holland

(Received 28 July 1958)

Exact transfer calculations for boundary layers with longitudinal pressure
gradients are very complicated, butin the literature several approximate methods
are known for the rapid calculation of both the wall friction and the heat transfer.
A ‘wedge method’ propounded by Meksyn turns out to be one of the most rapid
methods, being no less accurate than other approximate methods. A way of
refining this method is proposed.

This paper also shows that asymptotic expansions provide convenient relations
which are capable of expressing the Nusselt number explicitly in terms of the
Prandtl number.

It is shown that, together with the asymptotic expansions, Meksyn’s method
permits rapid calculation of local heat transfer numbers. Some examples of
application are given for elliptical cylinders and spheres for several values of the
Prandtl number.

1. Introduction

This paper is concerned with the transfer of heat and mass from a body placed
in a stream. Provided the Reynolds number of the flow lies within the approxi-
mate range from 102 to 105, we may state:

Assumption I. The transfer phenomena in the vicinity of a body submerged in
a streaming fluid may be described by the laminar boundary-layer theory.

Furthermore we introduce:

Assumption I1. There are no external volume forces in the streaming fluid.

This excludes free convection, so that we are only concerned with forced
convection phenomena. Thus we include:

Assumption I11. The main flow outside the boundary layer is irrotational.

This means that the intensity of the turbulence in the main flow has to be very
low and that this flow may be calculated by means of the potential theory.

Restricting ourselves to the calculation of friction and heat transfer in unitary
systems, we are only concerned with two boundary layers, viz. the dynamic boun-
dary layer in which the transfer of momentum occurs, and the thermal boundary
layer in which the transfer of heat occurs. It is well known that the boundary-
layer theory can only be applied if the thickness § of the dynamic boundary layer
issmall enough. If this condition is satisfied, we may ask whether or not the thick-
ness &, of the thermal boundary layer is small enough to permit the application
of the boundary-layer approximations to the calculation of the heat transfer.



Rapid calculations for boundary-layer transfer 461

Itis known that 6, < & for y < v, x being the thermal diffusivity of the fluid and
v its kinematic viscosity. Introducing the Prandtl number o = v/y, we conclude
that for o > 1, when ¢is small enough, 6, is small a fortiori. Hence, assumption I
is legitimate if the thickness of the dynamic boundary layer is small enough.

For o < 1, the thickness of the thermal boundary layer is greater than that of
the dynamic boundary layer, so that in this range of the Prandtl number it may
not suffice to assume that the thickness of the dynamic boundary layer is small
enough. The limit o - 0 must especially be considered with care. This limit may
be relevant if the kinematic viscosity is small (but finite) and the thermal
diffusivity is very large. In this case the boundary-layer concept is not applicable
to the calculation of the heat transfer, although it is applicable to the calculation
of the friction. On the other hand, it is possible that at the limit o — 0 the
kinematic viscosity approaches zero at small (but finite) values of the thermal
diffusivity. This means that for o = 0 we are concerned with heat transfer in
a thermal boundary layer in a potential flow around the body considered. This
problem has been investigated with great elegance by Boussinesq (1903, 1905)
(see also Drew 1931), who introduced the concept of the thermal boundary
layer before Prandtl (1904) proposed an analogous concept for the transfer
of momentum. As a corollary of assumption I, we have thus to conclude
that for o > 0 the boundary-layer theory of the heat transfer changes into
Boussinesq’s theory.

Although the boundary-layer concept simplifies the calculations considerably,
the solution of the boundary-layer equations is generally still troublesome. The
exact solution for boundary layers with an arbitrary longitudinal pressure
gradient consists essentially in constructing power series in terms of the distance
from the forward stagnation point of the body. The exact calculations by means
of series expansion are cumbersome, because the convergency of the series is
mostly bad. Itis, therefore, generally necessary to perform the exact calculations
numerically if the distance from the forward stagnation point is too large for the
series expansion to be applied (e.g. see Prandtl 1938; Gortler 1939; Frossling
1940). In order to avoid the lengthy exact calculations, several approximate
methods have been developed.

One of the best-known approximate methods is that of von Kéarman (1921) and
K.Pohlhausen (1921). Generally, this method is still troublesome and its accuracy
isdisappointing. Hence, we shall consider another group of approximate methods,
called here the ‘wedge methods’, because these methods are based upon the well-
known solutions of the boundary-layer equations for wedge-shaped profiles. The
first wedge method was propounded by Falkner & Skan (1930, 1931). This method
has been modified by Eckert (1942), Schuh (1949, 1954), Eckert & Livingood
(1953), Kotschin & Loizjanski (see Kotschin, Kibel & Rose 1955), and by Smith
(1956). All these wedge methods bear the same characteristic features: they are
rapid and based upon some arbitrary hypothesis of physical nature, which has to
be introduced in order to find the wedge element ‘equivalent’ to the element of
the profile considered. The wedge methods of the authors named above differ only
in the hypothesis used. Their fundamental disadvantage is that it is not clear how
the calculations are to be improved if more accurate results are desired.
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Meksyn (1947, 1948) has developed a method of calculation for the dynamic
boundary layer, which may also be considered as a wedge method. This method
consists essentially of a transformation of the boundary-layer equations and
a mathematical simplification of the transformed equations. A great advantage
of Meksyn’s method is that no physical hypothesis is needed; the simplifications
introduced are of a mathematical nature. As a result, it is possible to refine the
calculations in a straightforward way. Furthermore, Meksyn’s method has the
following three advantages: (1) For wedge-shaped profiles (and hence in the
vicinity of the forward stagnation point) the method yields exact results. (2) It
may be expected that for arbitrary profiles successive refinements of the method
converge towards the exact solution. (3) The method provides probably one of
the most rapid calculations hitherto propounded in the literature.

It is quite easy to extend Meksyn’s method to the calculation of heat transfer.
In his original papers Meksyn applied complicated transformations allowing for
the extension of the equations to lower values of the Reynolds number. If we are
concerned with the pure boundary-layer equations only, it is possible to obtain
Meksyn’s final equations in a simple way. This will be shown in the next section.

In the present paper we have restricted ourselves to the most simple boundary-
layer problems by the introduction of the following two assumptions:

Assumption I'V. All physical quantities (viscosity, thermal conductivity, heat
capacity) of the fluid are constant throughout the boundary layer.

Assumption V. The Mach number of the flow is low. The latter assumption
means that in the thermal energy equations the dissipation and pressure terms
may be neglected, while furthermore the density of the fluid may be considered
as a constant.

It has to be stressed that the last two assumptions are not essential for the
application of Meksyn’s method.

2. Fundamental equations

Let us consider steady two-dimensional or rotationally symmetrical boundary-
layer lows. For these cases we may introduce the coordinates (z, %),  being the
distance from the forward stagnation point measured along the circumference of
the two-dimensional profile or median line of the rotationally symmetrical body,
and y being the normal distance from the wall of the body. For rotationally
symmetrical bodies we also introduce r, the distance from a surface element of the
body to the axis of symmetry. Denoting the components of the velocity parallel
to the z- and y-axis by » and v respectively and making use of assumption I'V, the
equations of the dynamic boundary layer are

lap o2
( ) Tpaa oy M
a—p= o), (@)

o(ru) o(rv) —0 (3)
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(Note that equation (2) holds for curved surfaces; for flat surfaces we may put
op/dy = 0.) These are the boundary-layer equations for rotationally symmetrical
bodies. For a two-dimensional boundary layer, equations (1) and (2) retain the
same forms, but in the continuity equation (3) r has to be dropped. Hence, the
two-dimensional boundary-layer equations are formally obtained from (1), (2)
and (3) by putting r equal to a constant. From (1) and the well-known fact that at
the end of the boundary layer ou/oy and ¢%u/oy? are very small, we obtain

op . dp, du,
e P @)
where subscript e denotes the conditions at the end of the boundary layer. The
boundary conditions are

u=v=0for y=0, and u—wu, for y > co. (5)

For the calculation of the heat transfer, we also need the thermal energy equa-
tion. Denoting the temperature by 7' and making use of the assumptions IV and
V, the boundary-layer approximation to the thermal energy equation becomes

0 0 T
(ng5+05) T = X5e (®)
with the boundary conditions
T=1T, for y=0, and 7T 1T, for y > oo, (7

where the subscript w denotes the conditions at the wall.
In order to satisfy (3), a stream function ¥ is introduced, such that
Loy _Loy
=T T Tt (8)
L being a reference length of the body considered. For r = L, (8) defines the
stream function of a two-dimensional flow.
The z and y coordinates will now be transformed by writing

u,(x) 72 dz R\tu,ry
where V is the velocity of the oncoming flow, and B = VL/v. The stream function

(2, y) will be written
Y(z,y) = VL2E|REF(E, 7). (10)

Equations (9) and (10) represent the essential parts of Meksyn’s transformations;
and it is easily recognized that (9) also contains the transformation used by
Mangler (1948) for rotationally symmetrical boundary layers. From (8), (9) and
(10) we obtain

u=%%, (11a)
of of
L(2§R {f+ g +(A-—- 1)7]877} (11b)



464 H.J. Merk
Here A is the ‘wedge variable’ defined by
2& du, LV % 92y, dx) du,/V
- ) D EvT e 02
We remark that for pure wedge flow, r = Land u, = cx™. It then follows from (12)
that A = 2m/(m+ 1) = const. From (9) and (11) we derive

0 ot oul of 0 of ¢ d
vty = ae Xl sem) /5 4
Making use of (4), (9), (11a), (12) and (13), the transformation of (1) is now easily
obtained: 3 )
flll +ﬁ”+A(l flz — 2g a(g ) (14)

while the boundary conditions (5) become

f+2§af 0, and f' =0 for =0, (15)

f =1 for > 0.

In (14) and (15) the accents refer to differentiation with respect to #, while on the
right-hand side of (14) the Jacobian has been introduced as a convenient notation.
In order to transform (6), we introduce

T(x: ?/) = Tw+(%_Tw) 19(5, 77) (16)

On the assumption that 7], and 7, do not depend on x, the thermal energy
equation and its boundary conditions become

8 +ofy = %o (’27’;) (17)

with =0 for =0, and ¢ =1 for 3 > o0. (18)

Herewith the transformations are completed, and we have now to solve the
equations (14) and (17) with the boundary conditions (15) and (18) respectively.
For that purpose we remark that in the boundary layer r depends only on z;
moreover, the dependence of %, on x can be calculated from the potential theory
or derived from experiments. Hence, § depends only on z, and for a given body we
may consider x and u, as known functions of §. As aresult A is a known function
of £. Inverting this function we may also say that for a given body, £ is a function
of A. The solution of (14) may thus be written as follows:

JE) = Foh )+ G RN+ 19)
Substituting (19) in (14) and (15), we get
SHhR AL = ) 0)
Jo=fo=0 for =0, and f0=1 for 7 — oo,
Ehof NS = ST,
A (21)

flz—%j%, fi=0for =0, and f1=0f0r77—>oo,
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and so on. The local friction coefficient is calculated from

_ 1(0u[0y)y—o
7= sz ’
or, after transformation,
V)
Rt = 21%( A 4 +) 22
where A = A(A) =fr(A,0) (B=0,1,2...). (23)
In order to solve (17), we put

HE, ) = Do(A, 77)+2{E g (A, )+ (24)

Substituting (24) in (17) and (18), we then obtain

Y+ ofyde =0, (25)
Py=0for =0, and o= 1for1;—>oo}
" r_ ’ 190! fO
191+0f0191 - _o.f1190+ a(A,?]) s (26)
%, =0 for =0, and ¥ =0 for y > o0,
and so on. The local Nusselt number is defined by
o _(@T[ay)ym _ @)
uz,-1) - Z\a),,
or, after transformation,
N raulV ( A )
= + 28— R 27
where E, = E(A) = 91(A,0) (B=0,1,2...). (28)

The transformations (9) and (10), and the expansions (19) and (24), are closely
related to those being proposed by Gortler (1957). The latter author, however,
expands the wedge variable A in terms of £. If this is done, Meksyn’s original
approximation method cannot be applied, so that A is retained here as an inde-
pendent variable replacing the variable £. This is the principal difference between
Meksyn’s and Gortler’s methods. According to Gortler, Meksyn’s treatment
involves the calculation of the potential flow around the body considered before
attacking the boundary-layer problem. However, it is easily shown that the
transformations (9) and (10) may be derived from those given by Meksyn if the
equipotentials and streamlines around the given body are expressed in terms of
the velocity of the potential flow around that body. We are therefore of the
opinion that Meksyn’s method is of great value for rapid boundary-layer calcula-
tions for any given u,(x).

The calculation of the local friction coefficient and the local Nusselt number
may now proceed as follows. For a given body, » and u, are known functions of z,
so that for each value of z the quantities §, A, dA/dE, ete., can be calculated.
Hence, for each value of z, the corresponding values of 4; and E can be deter-

mined from tables or diagrams representing 4, and E, as functions of A and o.
30 Fluid Mech. 5
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Thereupon, the local friction coefficient and the local Nusselt number are rapidly
calculated from (22) and (27) respectively. As soon as 4, and E, are known, this
calculation can proceed very rapidly. 4, has been calculated by Hartree (1937),
while &, has been calculated by Eckert (1942) for o = 0-7,0-8, 1, 5 and 10. Asfar
as we know, 4; and E, for k > 1have not been calculated as yet. However, for the
application of a pure wedge method we need only 4, and E;, since for wedge-
shaped profiles (for which A = constant) only the first terms at the right-hand
sides of (19), (22), (24) and (27) are retained, while all other terms vanish. As
a result, application of a pure wedge method to arbitrary two-dimensional
profiles or rotationally symmetrical bodies means that only the first terms at the
right-hand sides of (22) and (27) have to be retained (this approximation will be
called Meksyn’s wedge method). Since 4, and E, are finite, this procedure is
legitimate if £ and/or dA/d£ are small. Generally speaking, this is the case in the
vicinity of the forward stagnation point. At some distance from the forward
stagnation point the second terms in (22) and (27) also become important.
However, comparing the results obtained by Meksyn’s wedge method with those
obtained by the wedge methods mentioned in § 1, it appears that the accuracy of
Meksyn’s wedge method is of the same order of magnitude as that of the others.
This demonstrates the rapid convergence of the series (22) and (27). It may be
expected that even in the vicinity of the separation point of the boundary layer
the series (22) and (27) yield satisfactory results if only two terms are retained.

Finally, we remark that the same method may be used if the assumptions IV
and V are rejected. For gases it is, for example, convenient to apply first
Stewartson’s (1950) transformation (see also Cohen & Reshotko 1955) to the
boundary-layer equations, whereupon ‘wedge coordinates’ analogous to those
defined by (9) may be introduced. It is also possible to account for variations in
the temperature of the wall. We have made analogous calculations for unsteady
two-dimensional boundary layers. For unsteady rotationally symmetrical
boundary layers the method fails, because then it is no longer possible to apply
Mangler’s transformation.

Using Meksyn’s wedge method, we have also performed mass transfer calcula-
tions accounting for a velocity normal to the wall of the body. All these modifica-
tions of Meksyn’s wedge method are not treated in this paper, because we intend
to discuss only the principles of this method and not all its possible extensions.

3. Asymptotic expansion of the Nusselt number for a flat plate

We shall now discuss how the Nusselt number may be represented explicitly as
a function of the Prandtl number. For that purpose we consider first the most
simple case, viz. that of the flat plate without a longitudinal pressure gradient. In
that case we haver = L, u, =V, A =0, f = f, and ¥ = 9,. Hence, (27) becomes

N L\?
Ef(‘z’)E

Averaging the Nusselt number over the length L of the plate, we get

N 1[N
—m — P = %
=1 fo e = 2. (29)
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In the same manner the average value of the friction coefficient is obtained from

(22), yielding ¢, Rt = 284. (30)
In order to calculate E, we derive from (25), for ¢ = 9, and f = f,,
1 [ o]
5= | exp(=oman, (31)
0
1
where F=F>n= f f(n) dn. (32)
0

Formula (31) has been worked out by several authors. First of all we mention the
exact calculations performed by E. Pohlhausen (1921). Other authors remarked
that for large values of the Prandtl number the thickness 8, is only a small
fraction of the thickness d, so that for the calculation of Z the velocity profile in
the thermal boundary layer may be linearized, that is, in (31) the function ¥ may
be represented by 4472 This procedure has already been applied by Falkner &
Skan (1930, 1931), while the approximate calculations made by Piercy & Preston
(1936) are in fact based upon the same principle. Lighthill (1950) developed an
elegant method of calculating the heat transfer in laminar boundary layers,
which is also based upon linearized velocity profiles. Tifford (1951), remarking
that Lighthill’s results are only valid for high values of the Prandtl number,
modified Lighthill’s formulae in order to obtain results valid for o = 1.

Frossling (1940) and Schuh (1949, 1954) also discussed the limit o — co, while
Davies & Bourne (1956) developed a method where the velocity profile is repre-
sented by cn™, n being determined in such a way that the results for o = 1 agree
as closely as possible with the exact solution. Finally we may mention a paper by
Morgan & Warner (1956) containing a survey of applications of heat transfer
calculations in the limit o - co.

In the papers mentioned above, the formulae for the Nusselt number represent
the first term of an asymptotic expansion for high values of the Prandtl number.
In order to obtain formulae for lower values of o, the expansion has to be extended.
This may be done in several ways. An obvious way is to substitute 7 = F in (31)
and to consider 7 as a new integration variable. In that way (31) becomes

1 ® g-or ¥

E—(o_’)' = fo [ Ed’r . (33)
This formula shows that 1/E (o) may be considered as the Laplace transform of
dy/dr. Hence, the asymptotic expansion of 1/E(c) may be obtained by means of
Abel’s well-known asymptotic theorem (see, for instance, Doetsch 1943). In
order to apply this theorem we have to expand F(7) in a power series. Putting
A = 0, the expansion of f = f, is easily derived from (20). This expression has
already been derived by Blasius (1908) and reads on as follows:

A 773 2 776 3779 4 7712 0 15
where O is the well-known Bachmann-Landau symbol. Inversion of (34) yields
6r\} 1 1, 23 .
m= (Z) !1+%T"1,2607 +go1.000" TOU )}' (35)

30-2



468 H.J. Merk
Substituting (35) in (33), we obtain

1 1/6\} [ 1 1 23
e = | — —w—‘}l_______z 3 4
() 3(A) fo eT { 1571807 Ta9,1007 TOC )}
On term-by-term integration of the right-hand side of the last equation, an
asymptotic expansion is obtained. Since the reciprocal of an asymptotic expan-
sion is again an asymptotic expansion, a simple calculation brings forth the
following result:

(Ao’/6) { 1 .., 2 o 1,168 3 s
B =g '"m7 tes’ s00maz° TOC )}’ (36)
N/R}
- A Al
Asymptotic expansion (37)
I A- A
o 1 term 2 terms 3 terms 4 terms Exact Tifford
0-1 — — — 0-2846 0-2762 0:294
0-5 0-5377 0:5138 0-5202 0-5185 0-5182 0-520
06 05714 0-56502 0-5549 0:5539 0-5537 0-554
0-7 0-6015 0-5824 0-5860 0-5853 0-5853 0-585
0-8 0-6289 0-6114 0-6143 0-6138 0-6138 0-614
0-9 0-6541 0-6380 0-6403 0-6400 0-6400 0-640
1-0 0-6775 0-6624 0-6644 0-6641 0-6641 0-664
1-1 0-6994 0-6853 0-6870 0-6868 0-6868 0-687
7 1-2959 1-2918 1-2919 1.2919 1.2919 1-32
10 1-4595 1-4563 1-4563 1-4563 1-4563 1-50
15 1-6708 1-6683 1-6683 1-6683 1-6682 1.73

TABLE 1

where I' denotes the gamma-function. The coefficient A has been calculated by
Blasius (1908) and by Tépfer (1912). According to the latter author we have
A = 0-33206,/2 = 0-46960, while I'($) = 0-89298. Substituting (36) in (29) and
making use of the given values of 4 and I'(%), we obtain

N 2 1,168

1
2 087750 1 —-—1 = g2 —3 4
g1~ 007780 { 57 tEE% 3007’ TOOT. (7)

The Nusselt number calculated by means of (37) may be compared with the exact
calculations made by E. Pohlhausen (1921). For that purpose we have extended
Pohlhausen’s calculations in order to obtain results in four figures (Pohlhausen
gives only three figures), while we have also performed calculations for o = 0-5
and 0-1. The results are shown in table 1, where values calculated by means of
Tifford’s (1951) formula are also included. For a flat plate Tifford’s formula

reads £
Y _ 0664005, (38)

R}
Table 1 shows that Tifford’s formula yields satisfactory results if o = 1; for
very high and low values of the Prandtl number formula (38) fails. Furthermore,
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it appears that for o > 0-5 our expansion (37) leads to surprisingly good results
even to the fourth decimal place. Even for o = 0-1, this expansion may be used if
its convergency is improved by means of Euler’s transformation (for o > 0-5,
Euler’s transformation does not improve the convergency), since the value cal-
culated by (37) is then only about 3 9%, too high.

Table 1 indicates how many terms of the expansion have to be retained. For

> 1, two terms of the expansion are sufficient if the desired accuracy is not
thher than 0-39%,. For o > 10, one term is sufficient.

For o = 1, we have & = f’, so that apparently the expansion (37) may also be
used to calculate A.This has already been proposed by Meksyn (1950, 1955, 1956),
who worked out this method to calculate the friction coefficients and separation
points of boundary layers with longitudinal pressure gradient. As far as we know
this author did not derive expansions of type (37) showing the dependence of the
Nusselt number on the Prandtl number.

4. Asymptotic expansion of E, for arbitrary values of the wedge
variable

We shall now show that by the asymptotic method one can also easily calculate
the transfer coefficients for A 3 0, i.e. for boundary layers with longitudinal
pressure gradient. For that purpose we calculate ¥, from (25). Again we have

= | exp(=oR)an, (39)
F, being given by °
1
£ = [ fuman. (40)
[}
From (20) we derive

7”1 7° 6
fo=Aogi—Agi+AY2A-1) ,+0(77),

02f

where A, is defined by (23). From the last expansion we obtain

6
r=F,= A"Z' A” +A"’(2A~1) o),

or, after inversion,
6)} A (6\E L A (68 35 A 2A—1
! (Ao) ! ‘1+72 (Ao) ST (Ao) T +(864A3 60 )T+0(T )}.
(41)

Substituting (41) in (39), we may use the same method as in § 3. The result of the
calculations is given by

el (AR SRR )

35 A3 2A—1\ ¢
+'(ng‘—*15 )" +0().
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From this expansion it follows (with I'(}) = 2-6789 and I'(2) = 1-3541) that

E, = 0-6163(4,0)} {1 —0-1531A45t 0¥ - 0-0536A2458 0%

+ (2115” 1 0-03402A3A;4) o1+ 0(0—3)}. (42)

The quantity 4, has been calculated by Hartree (1937) and in figure 1 is repre-
sented as a function of A for —0-1988 < A < 1. In order to show that the

14

12 >
10
08

Ao - /

06 /

04

02

ol L 1 i I 1
-02 0 02 04 06 08 10
A

Fi1aurE 1. A4, as a function of the wedge variable A, according to Hartree (1937).

E,foro=1
f A
A Eckert Expansion (42)
1-0 0-5704 0-5689 (—0-39%)
0-5 0-5390 0-5370 (— 0-4 %)
0-0 0-4696 0-4684 (—0-39,)
—0-14 0-4160 0-4196 (+0-9 %)
TaBLE 2

expansion (42) may be used for finite values of the Prandtl numbers, we compare
the values calculated from (42) with those calculated exactly by Eckert (1942).
Table 2 shows that expansion (42) leads to satisfactory results for o = 1. For
o 2 0:7, the expansion is even more accurate than the interpolation formula
proposed by Eckert (1942). Furthermore, table 2 shows that the accuracy of the
expansion decreases as A decreases. This is due to the fact that 4, approaches
zero if A approaches —0-1988. For 4, = 0, the expansion (42) is meaningless and
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has to be replaced by another expansion. Putting 4, = 0 (A = —0-1988), we
derive from (20)

fo= —AZ 1 —2A%(2— 3A) 7" _ 16A%(2 — 3A) (8 — TA) L + O(75),

11!

Applying the same technique as before, we find

24 \# 1 13
= f— i‘ —_— _ 2
K (—A) [1+140(2 3A)T+{39,200(2 3A)

_2(2-3A)(8-17A)
17 325

} 2+0(13)]. (43)

Substituting (43) in (39) and putting A = — 0-1988, we obtain
E, = 0-33280%{1 — 0-0231801 + 0-000013450—2 + O(0—3)}. (44)

For o = 0-7 this expansion yields E, = 0-2943, while according to the exact
calculations made by Brown & Donoughe (1951) we should have E, = 0-2939.
Since in both cases the fourth figure is not reliable, the agreement is satisfactory.

A 1-6 1-0 0-5 0-2 0 —-0-14 —0-1988
n* 0-5439 0-6479 0-8044 0-9839 1-2167 1-5967 2-3587
TABLE 3

It is also possible to derive expansions valid for very low values of the Prandtl
number. In this case the thickness of the dynamic boundary layer is only a small
fraction of the thickness of the thermal boundary layer. This means that in (39)
fo may now be approximated by the asymptotic expansion in terms of . Since
fo =1 for - o0, we may write

f o~ N 77*’ (45)

where 7* may be interpreted as a reduced displacement thickness defined by

7* = lim (l—fo)dv = hm {77 —~fo(m)}.

>0

Substituting (45) in (39), we obtain

_ j &P (-~ - §9*30)
Ho = (@ofm) 1+ erf{p*(3o)3} (46)

where erf (z) = \—/;f eV dy.
0

For low values of the Prandtl number, the right-hand side of (46) may be
expanded further. The result is

Ey = QojmE [l —9*2a/mE+...]. (47)
Values for #* have been provided by Eckert (1942), and are given in table 3.



472 H.J. Merk

The interpretation of (47) is obvious: the first term at the right-hand side of (47)
represents the heat transfer in a potential flow and agrees with the formulae
derived by Boussinesq (1903, 1905). This interpretation is in accordance with the
considerations in §1. The second term in (47) represents a first-order correc-
tion accounting for small viscosity effects. For flat plates, formula (47) has
been discussed by Sparrow & Gregg (1957). These authors show that (at least
for flat plates) (47) yields satisfactory results for values of the Prandtl number
smaller than about 0-03.

Finally, in figure 2, E, is represented as a function of A for some values of the
Prandt]l number.
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Ficure 2. E, as a function of the wedge variable A,
for some values of the Prandt]l number.

5. Application to the calculation of the local heat transfer

Meksyn (1947, 1948) has already given some applications to the calculation of
the local friction coefficient, so that we shall confine ourselves to the calculation of
the local heat transfer. Let us first consider some two-dimensional profiles,
viz. elliptical cylinders. The elliptical profile is determined by the ratio a/b of its
semi-axes, a being parallel to the oncoming flow (see figure 3). The case a/b =1
represents the circular eylinder, and a/b = co the flat plate parallel to the direction
of the oncoming flow. Furthermore, we shall consider the cases a/b == 2 and 4. The
reference length L will be defined by L = 2a.

In order to calculate the wedge variable we have to know u, as a function of z.
For elliptical cylinders the potential theory yields

UACES a\? 1—cos2¢
(_) = (1+b) 1+ (@/b)E+ {1— (a/b)E} cos 2¢° (48)
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where ¢ is the angular coordinate (see figure 3). Since we have taken for our two-
dimensional profiles # = L, we obtain from (12) and (48)

_ 4 cos ¢
T 1+(a/b)2+{1—(a/b)*}cos2¢ 1 +cos "

A (49)

Formula (48) is the more reliable the more slender the elliptical profiles. For
broad profiles the wake behind the cylinder has an important influence on u,, and

alb=1 2 4

Ficure 3. Sketch of the elliptical profiles considered in the text.

this influence is not accounted for in (48). Hence, for circular cylinders it is
advisable to derive u, from experiments instead of from (48). For that purpose

U 18 written as o]V = uy(5] D) — g/ L) — g(ar| L,

where L is now equal to the diameter of the cylinder. According to Hiemenz
(1911) we have uy = 3631, wy= 2171, u;= 1514
for R = 18,500, while according to the measurements made by Schmidt & Wenner
(1941) we have

for B = 170,000.

In figure 4 the curves of the wedge variable are given. For a/b = 1, three curves
are given, which are all calculated from (12) for r = L. The calculation of the solid
curve is based upon u, according to the potential theory, that of the dashed curve
upon u, according to the measurements made by Schmidt & Wenner (1941), and
that of the dash-dotted curve upon u, according to the measurements made by
Hiemenz (1911).

Figure 4 shows that in the vicinity of the forward stagnation point dA/dz = 0,
while moreover £ is small. Hence, in this region Meksyn’s wedge method is near to
the mark. If a/b increases, this region decreases, but at the same time the slope of
the (A, x)-curves at median values of z/L becomes smaller, indicating that at
median values of x/L Meksyn’s wedge method is fairly accurate. This is to be

u, = 3631, u;= 3275, u,=0-168
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expected, since slender profiles behave approximately like flat plates and for
these Meksyn’s wedge method is exact.

At the vicinity of the separation point of the boundary layer, which according
to Hartree (1937) is determined by A = —0-1988, the slope of the (A, z)-curves is
large, so that in this region the method is no longer reliable. This may also be
demonstrated by means of the calculated position of the separation point.
Denoting the separation point by suffix s, we obtain from the wedge method
¢, = 95-2° for a circular cylinder (u, according to the potential theory), while the
series expansion of Blasius leads to ¢, = 110°. Ifu,is represented by the measure-
ments made by Schmidt & Wenner, we then find ¢, = 72-4°, while the experi-
mental value is given by ¢, = 80°. For the elliptical cylinder with a/b = 2 and «,
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\':.\\\\
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AN 1
06 i
1\\?\ \
AN
A F 2 N\
N
\ \
\
02 )
N4 \ \\
0= —
R
—~02 1 L i YN L i
0 02 04 06 0-8 1-0
x/L

Ficure 4. Wedge variable for elliptical profiles; solid curves according to the potential
theory, dashed curve according to Schmidt & Wenner (1941), dash-dotted curve according
to Hiemenz (1911).

according to the potential theory, we get from Meksyn’s wedge method
¢, = 105-8°, from Eckert’s wedge method ¢, = 115°, and from the integral
method of Pohlhausen ¢, = 120-8°. Apparently the separation points calculated
from Meksyn’s zero-order approximation are too low.

In figure 5 the local Nusselt numbers are given for the circular cylinder for
o =07, 1, 5 and 10. The calculations are based upon the velocity distribution
measured by Schmidt & Wenner. For o = 0-7 the calculations may be compared
with those of Eckert (1942) and Frossling (1940). In figure 5 the dashed curveis
calculated by Eckert and the dash-dotted curve by Frossling. For ¢ < 50° the
agreementissatisfactory, butforhigher values of ¢ discrepancies exist. Frossling’s
calculations are based upon series expansions in terms of z/L containing only three
terms, so that Frossling’s curve is no longer reliable for ¢ > 50°. Hence, it isnot
possible to decide whether Eckert’s or our curve is to be preferred. In figure 6 the
local Nusselt numbers calculated from Meksyn’s wedge method are compared
with those measured by Schmidt & Wenner. The three calculated curves corre-
spond to those given in figure 4 for a/b = 1. The curve calculated by means of the
velocity distribution measured by Schmidt & Wenner is satisfactory, though the
theoretical value at the forward stagnation point is too low (it has to be borne in
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mind that at this point the theoretical value is exact). The curve calculated by
Eckert (not given in figure 6) gives a worse fit to the experimental curves, since
Eckert’s curveis too flat in the vicinity of the separation point. As far as we know,
no calculations have as yet been performed for values of o other than 0-7, so that
we cannot compare our calculations with others for o = 1, 5 and 10.

In figure 7 the local Nusselt number is given for the elliptical profile with a/b = 2.
The dashed curve is calculated by Eckert. At the separation point this curve is
again higher than ours.
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Fiourge 5. The local Nusselt number for circular cylinders; solid curves are calculated
according to Meksyn’s method, dashed curve according to Eckert (1942), dash-dotted curve
according to Frossling (1940).

In figure 8 the calculations are represented for elliptical profiles with a/b = 4.
In this case the difference between Eckert’s calculations and ours is negligible.

For o > 10 the calculations may be performed by means of the first term of the
expansion (42), so that

Ey(A, o) = 0-6163{4,(A) g} (50)
At the separation point we obtain from (44)
E,(—0-1988,0) = 0-332801. (51)

Hence, if the quantity N/(R¥o?) is plotted against z, then in the limiting case
o — oo the curves approach zero as x approaches the separation point, though the
local heat transfer at this point is not zero. The results of the calculations are
shown in figure 9. Together with figures 5, 7 and 8, figure 9 shows the behaviour
of the local heat transfer of elliptical cylinders for o > 0-7.
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Ficure 6. Comparison between calculated and measured local Nusselt numbers
for circular cylinders at o = 0-7.
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Ficure 7. The local Nusselt number for an elliptical profile with a/b = 2;
the dashed curve is calculated by Eckert (1942).
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F1GURE 8. The local Nusselt number for an elliptical profile with a/b=4.
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F16URE 9. The local Nusselt number for some elliptical profiles at o> 1.
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Finally, we shall discuss the application to spheres. Putting L equal to the

diameter of the sphere, we have
r/L = }sin¢ = }sin (2x/L). (52)
The velocity u, may be derived from the measurements made by Fage for
R = 157,200. Frossling (1940) represented these measurements by
u,|V = 3(z/L) — 3-4966(x/L)® + 4-7391(z/L)> — 5-1481(z/L)". (53)
From (52) and (53) the wedge variable can be calculated, whereupon the local
Nusselt number is easily computed by means of Meksyn’s wedge method. The
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Figure 10. The local Nusselt number for spheres; the dots represent
the measurements made by Frossling (1940) at o = 1/0-395.

results are shown in figure 10. We have also performed the calculations for
o = 1/0-395 = 2-56. This curve may be compared with the measurements made
by Frossling (1938). The agreement between experiment and theory is surpris-
ingly good, but may be accidental, because the measurements were performed
at R = 1060 while the calculations are based upon the velocity distribution of
Fage measured at B = 157,200.

Figure 11 represents the local Nusselt number for o > 1 (say o > 10). Com-
paring this curve with the corresponding curve for the circular cylinder, it appears
that under equal conditions the local heat flux of spheres is higher than that of
circular cylinders. This may be explained physically by the spatial divergence of
the streamlines in the boundary layer of the sphere, which is lacking in the
boundary layer of the circular cylinder. Under equal conditions this effect makes
the boundary layer of the sphere thinner than that of the circular cylinder.
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This paper is a part of a doctoral thesis presented at the Technological Univer-
sity at Delft. The author is indebted to Prof. Dr J. A. Prins of the Technological
University for helpful discussions and suggestions.
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Ficure 11. The local Nusselt number for spheres and circular cylinders at o> 1.
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